A class function on the mapping class group of an orientable surface 



In this paper we define a QP -valued class function on the mapping class group M g ,i of a surface E 9 ,2 
of genus g with two boundary components. Let E be a £ 9 ,2 bundle over a pair of pants P. Gluing to E 
the product of an annulus and P along the boundaries of each fiber, we obtain a closed surface bundle over 
P. We have another closed surface bundle by gluing to E the product of P and two disks. 

The sign of our class function cobounds the 2-cocycle on M g ,2 defined by the difference of the signature 
of these two surface bundles over P. 
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Introduction 



Let E Sir be a compact oriented surface of genus g with r boundary components. The mapping class group 
M g , r is 7To Diff_|_(Eg r , <9E sr ) where Di& + (E g r , <9E gr ) is the group of orientation preserving diffeomorphisms 
of E g , r which restrict to the identity on the boundary <9E 9jr . We simply denote E 9 := E g> o and M g := M g ^. 
Harer[4] proved that 

H 2 (M g y,Z) = Z g > 3, r > 0, 
see also Korkmaz, Stipsicz[8]. Meyer [9] defined a cocyclc r g G Z 2 (M g ;Z) (g > 0) called the Meyer cocycle 



od 2 




Figure 1: 

which represents four times generator of the second cohomology class when g > 3. Let P := S 2 — Uf = i Int Di 
where Di C S 2 is a disk, IntDj its interior in S 2 , and a, ft, 7 G 7T! be the homotopy classes as shown in 
Figure 1. We consider a E SiT . bundle -Ejf^ on the pair of pants P which has monodromies <p, -0, (ipf)' 1 G Mg,r 
along a, /?, 7 G 7Ti(P). The diffeomorphism type of does not depend on the choice of representatives in 
the mapping classes ip and ip. The Meyer cocycle is defined by 

T g : M g x M g -> Z , 

(<p , V) - Sign£^ 

where Sign^'^ is the signature of the compact 4-manifold For fc > 0, it is known as Novikov additivity 

that when two compact oriented 4fc-manifolds arc glued by an orientation reversing diffeomorphism of their 
boundaries, the signature of their union is the sum of their signature. When a pants decomposition of a closed 
2-manifold is given, the signature of a E s bundle on the 2-manifold is the sum of the signature of the a g 
bundles restricted to each pair of pants. Therefore, it is important to study the Meyer cocycle to calculate 
the signature of compact 4- manifolds. For g = 1, 2 the Meyer cocycle r g is a coboundary, and the cobounding 
function of this cocycle is calculated by several authors, for instance, Meyer [9], Atiyah[l], Kasagawa[6], Iida[5]. 
The Meyer cocycle is not a coboundary if genus g > 3, but the cocycle can be a coboundary when it is restricted 
to a certain subgroup, and calculated by Endo[2], Morifuji[10]. 

Let I be the unit interval [0, 1] G R. By sewing a pair of disks onto the surface E 9i2 along the boundary, 
we have E s . For h G Diff + (E 9i 2, 9E Si 2), if we extend h by the identity on the pair of disks, we have a self- 
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diffcomorphism of £ 9 . we denote it ft U id U 2_ iD2 . By sewing an annulus S 1 x I onto the surface £ g , 2 along the 
boundary, we have S 9 +i. In the same way, if we extend ft E Diff + (S Si 2, dT, g ^) by the identity on the annulus, 
we have a self-diffcomorphism ft U id s i xl . 

Define the induced homomorphism on the mapping class group by 

■ Mg, 2 -> Mg 

[ft] i > [hLi id U 2_^ D 2] 

and 

[ft] I— > [ft U idgix/] 

Harer[3][4] shows that and 77 induce an isomorphism on the second homology classes when genus g > 5, so 
that f g — r/*T g+ i — 9*T g is a coboundary. Powell[ll] proved that the first cohomology group H\(M. g y, Z) is 
trivial for g > 3 and r > 0, so by the universal coefficient theorem, it follows that the cobounding function of 
f g is unique. 

In this paper we define a QP^valued class function m on the mapping class group M g ,2 in an explicit 
way by using information of the first homology group of a mapping torus of [ft] <E -M g ,2, and prove that the 
sign of the function m cobounds the cocycle f g — ri*T g+1 — 0*r g . Especially it turns out that the cocycle f g is 
coboundary for any g > 0. 

In section 1, we construct a class function m, prove some properties of this function, and calculate the image 
of the function. In section 2, we prove that the sign of this function cobounds the difference f g — rj*T g+ i —6*T g . 
By the definition of the Meyer cocycle r g , f g (<p, tp) is just the difference Sign Eg^' v ^ —Sign E g ^' 6 ^\ so that 
we calculate the difference by using the sign of the function m. Moreover we compute the other differences of 
signature Sign(E^f) - Sign(Eg {tph0W ) and Sign(E$$ ,,,W ) - Sign(^;^) by the function m. 



1 Class function m : M.„2 — ^ QP 1 



.9,2 

In this section we define the class function on the mapping class group M g ,2 stated in Introduction and describe 
some properties of the function including the nontriviality. 
For [p : q], [r : s] £ QP 1 , we define an addition in QP 1 by 



\p:q] + [r:s} = 



[pr : ps + qr] , if [p : q] ^ [0 : 1] or [r : s] ^= [0 : 1] 
[0:1], if \p:q] = [r:s} = [0:1]. 



The projective line QP 1 forms an additive monoid under this operation with [1 : 0] the zero element. 
In this section, all (co)homology groups is with Q coefficients. 



1.1 Construction of the class function 

Before constructing the function, we prepare a fact about homology groups of compact 3-manifolds. Let Y be a 
compact oriented 3-manifold with boundary dY and i : dY Y the inclusion map. Consider the commutative 
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diagram 



n[ay] 



n[y] 



H 2 (Y,8Y) H 1 (dY) — ^ ff^y), 

where the upper and lower rows are the exact sequences of a pair (y <9y), and the vertical maps are the cap 
products with the fundamental classes of Y and dY. By the diagram and Poincare Duality, it follows that the 
image of i* is just its own annihilator with respect to the cup product of H 1 (dY) 

Imi* = Ann(Imz*). 

In particular, we have 

dim Ker = dim Imi* = - dim H\(dY). 

We define the mapping torus of ip = [h] G M. g , r by 

X* := Z g , r x 1/ ~, (x,l) ~ (h(x),0), 

and 7T : X^ — > 7/9/ = S 1 by the projection 7r([x,i]) = [i], where [x,t] G X v is the equivalent class of 
(x,t) G £g, r x 7, and [t] G 7/9/ = S 1 the equivalent class of t G I. 

The diffeomorphism type of the mapping torus X v does not depend on the choice of the representative 
h. We fix the orientation on X^ given by the product orientation on x I. Let i v : dX v ^ X^ be the 
inclusion map. In this subsection we denote £ := £ fl ,2, and if we fix tp G A4 9 ,2, then we write simply X := X v 
and j := i v . Let Si and 52 be the two boundary components of S, and [Sk] (k = 1,2) the image under the 
inclusion homomorphism Hi(Sk) — > i?i(£) of the fundamental homology class. 

We consider £ as a subspace of X by the embedding «, : £ <— > X x i— > [x, 0]. We choose points pi G Si, 
P2 G S2, and p G S 1 , and orientation-preserving homeomorphisms ti : S 1 — > Si and i 2 : S 1 — > S2. We define 
singular cochains / fe : I (Si II S 2 ) x S 1 = <9X (k = 1, 2, 3, 4) by 

h{t) = (n{t),p), h(t) = (12 (*),?>), /3(i) = (pi,*), and / 4 (i) = (p2,t), respectively. 
Let efc G H\{dX) be the homology class of (fc = 1,2,3,4). Then the set {ei, e2, e3, e 4 } forms a basis for 

m{dx). 

Now we describe the kernel of the homomorphism i* : H\(dX) — > H\(X). Since e\ and e2 lie in the kernel 
of Hex)* and 7r*(es) = 7r»(e 4 ) = [S 1 ] G H^S 1 ), we have 

Ker i» C Ker (7r*i*) = Qe x © Qe 2 © Q(e 3 - e 4 ). 

By the definition of the map fk, (i ° /fc)*[S 1 ] = t*[Sfc], and so i*(ei + e2) = t*([Si] + [S2]) G H\{X). Since 
Si U S 2 is the boundary of £, we have [Si] + [S 2 ] = G #i(£). Hence 

Q(ei + e 2 ) C Ker i*. 

As we saw at the beginning of this subsection, dim Ker i* = ^dimHi(dX) = 2. It follows that Kerz* = 
Q(ei + e 2 ) © Q(p(e 3 — 64) + qe\) for some p, q G Q. Now we can define a class function. 
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Definition 1.1. For ip e M. g ,2, we take p, q £ Q such that Ker i v * = Q(ei + e 2 ) © Q(p(e,3 — e 4 ) + qe\). 
We define m : M 9l 2 — ► QP 1 by m(<p) — \p : q]. 

Lemma 1.2. For <p, ip € M.g.2, 

m^ptp^ 1 ) = m(ip). 

Proof. Define # : X v -> X^ -1 by *(a;,t) = Then the following diagram commutes 



Hi(dX^" p ^' 1 ) ^> H\(X^ ip ^ 1 ). 

We can see from the diagram, >J/* gives the natural isomorphism between Ker(i2i(9X v ) — ► ffifX 9 )) and 
Ker^i^X^" 1 ) -► ^(X^" 1 )). Hence we have m(V>W _1 ) = m(y»). □ 

1.2 Some properties and the nontriviality of the class function 

By the Serre spectral sequence, we have the exact sequence 

> Cokcr(<^ - 1) — ^ H X (X) — ^ ^(S* 1 ) ► 0, 

where Coker(y>» — 1) is the cokernel of the homomorphism ip* — 1 : -ffi(E) — > -ffi(S). 

Then we have a unique homomorphism j v : Qei © Qe 2 © Q(e 3 — 64) — ► Coker(<£* — 1) such that the diagram 
with exact rows 

► Qei © Qe 2 © Q(e 3 - e 4 ) ► H X (8X) — ^ ^(S 1 ) ► 

iv 

► Coker(^-l) — — i^S 1 ) 



7T* 



commutes. By the diagram, we have 

Keri* = Kerj v , and 

jy(ei) = -j v (e 2 ) = [Si] e Cokcr(^* - 1). 

Now we introduce a cochain wj £ C 1 (A4 9j 2; -ffi(£)) defined in [7]. On the fiber S = 7r _1 (0) C X, pick a path 
Z such that 1(0) G S 2 and 1(1) e Si. Define iv t by 

:=¥>(0-iG-ffi(S). 

Then we have 
Lemma 1.3. 

j v (e3 - e 4 ) = [w; (</?)] G Coker(p* - 1). 
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Proof. Define a 2-chain L : I x I — > X by L(s, t) — [l(s), t]. Its boundary is given by — i*(e3) + <^(Z) + 7*(e4) — I G 
Hence, 

i*(e 3 - e 4 ) = t*(k(0 - l }) G #iPO 
Since t» is injective, the lemma follows. □ 

From the lemma, we see the homolopy class [w;(<p)] G Cokcr(</? >t — 1) is independent of the choice of the 
path I. If u>i(ip) = 0, then j v (e^ — e 4 ) = 0. 

Remark 1.4. // there exists a path I from a point in S2 to a point in S\ which has no common point with the 
support of a representative of ip G M.g.2, then m(ip) — [1 : 0]. In particular, m(id) — [1 : 0], the zero element 
of the monoid QP 1 . 

At the beginning of this section, we defined the commutative monoid structure on QP 1 . So integral 
multiples of 777,(93) are well-defined. 

Proposition 1.5. If ip G M.g,2 and fc G Z, then 

m((p k ) = km(tp). 

Proof. The proposition is trivial for fc — and fc = 1. Assume k > 2. 

Let 777,(93) = [p : q]. By the definition of j v , pj v {e^ — e 4 ) = — q[S\] G Coker(</3* — 1). Hence, there exists 
v e Hi(Y,) such that 

p[ip{l) -l} = -q[Si] + - l)v G ifi(E) 
Apply <p* (i = 1, 2, • • • fc — 1) to the both sides of the equation and sum over i. Then 

7c — 1 7c — 1 

5>(<^ +i (o - = - ^{[^] + (^: +i ( W ) - ^(t,))}, 

i=l i=l 

that is 

p(/(0-0 = -M5i] + (vi-i)v. 

Hence, m(ip k ) = [p : kq] = km(ip) for fc > 0. 

By applying c/3 -1 to the equation p[ip(l) — I] = —q[Si] + (tp* — l)v, we have 

p[y-\l) - I] = q[Si] + (p- 1 - l)v G tfi(£). 

Hence, to^ -1 ) = [p : — q] = —m{ip). Since m(ip~ k ) = —m(ip k ) = —km(ip) for fc > 0, the proposition follows 
for the case fc < 0. □ 

Now we compute the image of the function to. Especially we prove that m is nontrivial. 

Proposition 1.6. For g > 1, m is surjective. For g = 0, Im(m) = [1 : Z]. 
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Figure 2: 



Proof. Suppose g > 1. We choose oriented simple closed curves a, a', and (3 and paths Z and V as shown in 
Figure 2. We denote the Dehn twists along a simple closed curve C C X by tc, and the homology class of C 
by [C] . Then [a] + [a'} + [/?] = G ffi(E) since they bound a 2-chain. For p e Z, if we denote p := t p a t a d~^ , 
then 

JV((P+ l)(e 3 - e 4 )) = wi(<p)+pui,(ip) 

= (tlt a d- p 1 )(l)-l+p{(tlt a d- p 1 )(l')-l'} 

= p([a} + [a'] + [j3]) + [P} = [P} = [Si}. 
Hence, j v ((p + l)(e3 — £4) — ei) = 0, so that 

m(ip) = [p + 1 : -1]. 

By Proposition 2.5, we have 

mfo «) = -g|p+l :-l] = | [Q = ^ jfj>= _ L 

Since p and q can run over all integers, we see m is surjective for g > 1. 

For 3 = 0, .Mo, 2 is the infinite cyclic group generated by tp. Since m{t~^ q ) = [1 : <?], we have Im(m) = [1 : 
Zl. □ 
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2 The difference of two Meyer cocycles r]*T g+ i and 0*r g 

In this section (co)homology groups are with Z coefficient unless specified. 

Let g > be a positive integer. In Introduction, we defined the homomorphisms n : M. g ,2 —* M g +i,o and 
$ ■ M-g,2 — * M-g to be the induced maps by sewing a pair of disks and by sewing an annulus onto the surface 
£ g , 2 along their boundaries respectively. We denote the Meyer cocycle on the mapping class group of genus 
g closed orientable surface M g by r g G Z 2 (M g ) and define f g G Z 2 (M g ^) to be the difference between the 
Meyer cocycles 

r g := r\ T g+1 - 9 Tg . 

Let P := S 2 - Uf =1 L> 2 . In this section, we prove the main theorem and calculate the changes of signature 
associated with sewing a pair of trivial disk bundles P x H 2 =1 _D 2 and sewing an trivial annulus bundles 
P x (S 1 x I) onto 2 bundle on the pair of pants P along their boundaries. To state the main theorem, we 
define the sign of [p : q] G QP 1 by 



sign([p : q}) := 
Theorem 2.1. For Lp,ip G M. g .i, we define 



1 if pq > 0, 
if pq = 0, 
-1 ifpq<0. 



4> g (ip) := sign(m(»). 

Then <p g cobounds the difference f g between the Meyer cocycles n*T g+1 and 9*T g 

T g (v,i>) = 6(j> g ((p,ip) 

= sign(m(<^)) + sign(m(-0)) + sign(m((<^V) _ ))■ 

Remark 2.2. Let k be an integer. By Lemma 2.2 and Proposition 2.5, (j) g has the properties 

(pgii/xpip' 1 ) = <j> g (ip),and 
4> g (tp k ) = sign(fc)0g(^) 

for any g > 0. 



2.1 Proof of Main Theorem 

In this subsection we prove Theorem 2.1. 

In Introduction, we defined E^'f as a E 9jr bundle on the pair of pants P which has monodromies ip, ip, 
and (■ipip)^ 1 G M g , r along a, [3, and 7 G 7Ti(P) respectively, and in Subsection 2.1, we defined X£ by the 
mapping torus of E 9ir x // ~ where (x, 1) ~ (h(x),0) for <p = [h] G M. g ,r- 

We consider 

E vM,vW = E fJ y x / x P), 
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and 



Define 



X 



V(<P) _ vf 



X* U x I x S 1 ). 



G : dD 2 xl -► {1} x 5 1 x I. 
(x,t) ~ (l,x,±¥) 



By the map G, we can glue D 2 x I to I x S 1 x I as shown in figure 3. Glue D 2 x I x P to I x Ef£ 




I x S 1 xl 



Figure 3: Gluing map G 

(I x E%g) U (-7 x S 1 x I x P) with the gluing map G x id P : dD 2 x I x P -> {1} x S 1 x I x P. In 
the same way, glue D 2 x I x S 1 to I x xff^ = (I x X* 2 ) U {-I x S 1 x I x S 1 ) with the gluing map 
G x id s i : dD 2 x I x S 1 -> {1} x S 1 x I x S 1 . Denote 

:= {I x E n g % hnW ) U(D 2 xIx P), and X v := (I x X$$) U (D 2 x I x S 1 ). 

To prove main theorem, it suffices to prove Lemma 2.3 and Lemma 2.4 below. 

Lemma 2.3. 

{r)*T g+1 -6*T g ){<p,iP) = SigpX* + SignX^ + SignX^~ 1 for <p,i/> e M g , 2 , g>0. 
Lemma 2.4. 



proof of Lemma 3.3. Note that 
Then we can see 



SignX v = sign(m(i^)) for ip G M g ,2, 9 > 0. 
X* = E?<+\ BDl . 



dE?>+ = [E?'% Dl U EP'%Dt U E^\ dDs ) U u -Ef^ vW 

= (X v UX^ ul (w_1 ) U u -E^' nW . 
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By Novikov Additivity, the fact Signd£"^ = implies 

Sign^^' 7 ^) - Sign^^'W) = SignA> + SignA^ + Sign A«^ _1 . 

Notice that X^)' 1 is diffeomorphic to X^~' , so that SignA^) -1 = SignA^) -1 . By the definition of 
the Meyer cocycle, we have 

Sign^^W) = ri'T g+ i{<p,1>), and Sign(E e g ^ $ ^) = 0V fl (^). 

Define ^>(<p) = Sign(A v ), then we have 5(f) = rj*T g+ i — 0*r g . We get the cobounding function <f). □ 

proof of Lemma 3.1 Write simply X := , X 1 := X* 2 , and Y := X* = (I x X) U (D 2 x / x S 1 ). 

For i = 0, 1, define 

ji-. X -» I x X ^ Y, 
x i — ► (i,#) 

where J x I ^ F is a natural embedding. We will prove there is a exact sequence 

# 2 (X') jo ' =jl '> H 2 (Y) > KeriH^dX') ^ H^X')) > 0. 

Define Y x := I x A' and ^^(/x^x/x S 1 ) U (L> 2 x / x S 1 ) C F, then 

Yx ~ A', Y 2 ~ S* 1 , Yi n Y" 2 ~ <9A' = (5i II S 2 ) x S 1 . 
By the Mayer- Vietoris exact sequence, we have 

h 2 {y 1 )®h 2 {y 2 ) -» ff 2 Q0 -» ffi(rinr 2 ) - #i(n) etfiQ^) (exact). 

# 2 (A')©0 HxidX') Hi(X') e H^S 1 ) 

Denote the map H^dX') -> i?i(A') © ^(S 1 ) in the above diagram by /i. the projection H^dX') -> iJ^S* 1 ) 
to the second entry of /i is the composite of inclusion homomorphism H\(dX') — ► H\(X') and 7r» : Hi(X') — ► 
^(S* 1 ). Therefore, 

Ker( J ff 1 (c?A') -» iJi(A') © ii^S 1 )) = Ker(#i (c?A') -► H X {X')). 
So the sequence is exact. 

Next we construct the splitting iJ 2 (F;Q) = j„H 2 (X';Q) © Ker(i7i(<9A'; Q) fli(A';Q)). Note that 
there exist p, q 6 Q such that 

Ker^dA'; Q) - H\(X'; Q)) - Q(ei + e 2 ) © Q{p(e 3 - e 4 ) + gei} 

as in section 1. To construct the splitting, we choose elements of inverse images of e\ + e 2 , p(e 3 — e 4 ) + qe\ 
under H 2 (Y) -► H^dX'). Define t Y : Y, g+1 -> K by 

-> A ^/xA^r, 
x 1 — ► (a;, 0) 1— ► (0, a;,0) 
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then we have 

H 2 (X) - H 1 (Y 1 nY 2 ) -» Hi(dX'), 

ty»[Sg] ' ^ 9»ty»[S 9 ] — > ei + e 2 

so we choose ty*[S g ] as an element of the inverse image of e\ + e 2 . 

Next, we choose an element of the inverse image of p(e 3 —e 4 )+gei. Since v{e-z—e^)+qe\ G Ker(77i(dX'; Q) 
Hi(X'; Q)), there exists a singular 2-cochain s G C2(X'; Q) such that 

ds=p(h-U) + qh&B l {X'-G£). 
For i = 0, 1, define 4 : J x S 1 ^ / x 5 1 x / x S 1 ^ 7 2 by s^(s, i) = (i, 0, s, i). then 

[341 = Uifs - ii/4] G H^Yi n F 2 ; Q). 
Define s' u : D 2 — > (—7 x S 1 x J x S 1 ) U (7J 2 x 7 x S 1 ) c F as shown in Figure 4 by 

(7 x S 1 x 7 x 0) U (7> 2 x 7 x 0) (7 x S 1 x 7 x 0) U (D 2 x 7 x 0) 




Image of s' 10 



Image of s' n 



Figure 4: Images of s' w and s' n C (7 x S 1 x 7 x 0) U (D 2 x 7 x 0) C Y 



(6s, 1,0) eTJ^/xS 1 (INI<g). 

sio(*)={ (2-611^1,^,1,0) e/xS'x/xS 1 (|<|N|<|), 
(0,1-11^11,^,0) G7xS 1 x7xS 1 (i < Hxll < 1), 



s' n (x,t) 



(fa:, 0,0) G7J 2 x7xS 1 (INI < f), 

(l,^,l-||x||,0) e/xS'xJxS 1 (|<|N|<1). 



Then, we have = [j l .f 1 ] G 77! (Yi n F 2 ; Q). 
Define s • = ps^ + gs^ , then it follows that 



- [ji(p(f 3 - h) + qfi)} G Hx{Yx n y 2 ; Q), 



so that we have [d{j l s - sj)] = G 77i(Yi n y 2 ; Q). 
We see 

77 2 (F;Q) - ff^nn^Q) 



77i(<9X';Q), 

P(e3 - e 4 ) + gei 
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so that we can choose [jjS — s-] as an element of the inverse image of p(e 3 — e^) + qe\. 

Now we calculate the intersection form of H 2 (Y; Q). Define X'{ = j^X) U {D 2 x x S 1 ) C (J x X) U 
(D 2 x I x S 1 ) C Y, then X'{ is deformation retract of Y . Hence, every element of H 2 (Y; Q) is represented by 
a cocycle in X". Therefore, a cohomology class is included in the annihilator of intersection form in H 2 (Y; Q) 
if it is represented by a cocycle which have no common point with X'{. We see 

jo(X') n X'l = 0, and iy (£ fl+ i) n X'l = 0, 

so that Q(ei + e 2 ) and jo*H 2 (X'; Q) are included in the annihilator of intersection form in H 2 (Y; Q). 

To describe the signature of Y, it suffices to calculate the self-intersection number of [jiS — s-] = p(e 3 — 
e 4 ) + qe\. The cocycle jiS — s- satisfies 

Im(jos) n (Im(j lS ) U Im(s' 01 ) U Im(s' n )) = 

Im(4 )n(Im(j 1 s)Ulm(4 1 )) = 
Im(s' 10 ) n (Im(j lS ) U Im(s' 01 ) U Im(s' n )) = 0, 

so that 

(ios - So) ■ 0'i s - s 'i) = (ios - (pso + gs' 10 )) • (jis - (ps' 01 + qs' n )) 
= P s 'oo ■ I s 11- 

We can see s 00 and intersect only once positively. Hence, Sign(y) — Sign(pg) — Sign(m((,o)). D 
2.2 Wall's Non-additivity Formula 

Wall derives the Novikov additivity for a more general case: two compact oriented smooth 4fc-manfolds are 
glued along a common submanifolds, which itself have boundary, of the boundaries of the original manifolds. 
We will give the specific case of his formula for k = 1: 

Let Z be a closed oriented smooth 2-manifold, X 0} X + compact oriented smooth 3- manifolds with the 
boundaries dX^ — dXo = dX + = Z, and Y_, Y + compact oriented smooth 4-manifolds with the boundaries 
ail = X_ U z (-X Q ), dY + = X l) z (-X+). Here we denote by M l) B (-AT) the union of two manifolds 
M and N glued by orientation reversing diffcomorphism of their common boundaries dM = dN = B. Let 
Y = Y- Ux Y + be the union of Y~_ and Y + glued along submanifolds X of their boundaries. Suppose Y is 
oriented by the induced orientation of F_ and Y + . 

Write V — Hi(Z; R); let A, B, and C be the kernels of the maps on first homology induce by the inclusions 
of Z in X_, X n and X + respectively. 

We define 

w .= Bn(C + A) 
' (B n c) + (B n A) ' 

and a bilinear form ^ by 

* : W x VK -» R. 
(6 , 6') i ^ 6-c' 
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Here d is a element which satisfies a' + b' + d = 0, and b ■ d denote the intersection product of b and d . 

Then if is independent of d and well-defined on W. Denote the signature of the bilinear form W by 
Sign(V; BCA) and the signature of the compact oriented 4-manifold M by SignM. We are now ready to state 
the formula. 

Theorem 2.5 (Wall[12]). Signy = SignF_ + SignF+ - Sign(V; BCA). 

2.3 The differences of signature SignE^ — Sign £^2 and Sign£" 9+1 — Sign £^2 

In this subsection, we calculate the difference of signature associated with sewing the trivial Disk bundles onto 
the E Si 2 bundle. 

In Introduction, we defined Epf as a oriented £ 9jr bundle on P which has monodromies <p,ip, (ipf)^ 1 £ 
M 9y r along a, (3, 7 6 tti(P). If we fix ip, ip e M. g ,2, we denote simply 

E g , 2 :=E*;l E g :=E^^\ and E g+1 := E%<$"™ (g>0). 

Proposition 2.6. Sign(P 3 ) - Sign(P<, !2 ) = - Sign(m(<^) + m(ip) + m((^-0)" 1 )) (g > 0) 

Proof. Eg is the union of E g ^ and Ed ■= (D 2 II D 2 ) x P glued along their boundaries. Using Non-additivity 
formula Theorem 2.5, we calculate Sign(P g ) — Sign(Pg i2 ). 
Define F_, F+, X_, X , X+, and Z by 

F_ := (H 2 =1 P 2 ) x P, r+:=P s , 2 , 
X_ := (U 2 =1 D 2 ) x 5P, := E ga \ dP , X Q := (H 2 =1 dP 2 ) x P, 

and Z := (H 2 =1 <9P 2 ) x dP, respectively. 

Here, by the notation stated in subsection 1.1, 

X+ = Eg.j, |ap = X v H X^ H X^" 1 , Z S <9X V H dX^ H dXW 1 . 

Define V, A, P, and C as stated in subsection 3.1. 

Since X* = X^ = X^' 1 = S 1 x S 1 , we can choose the base of Pi(<9^;R), Hi(dX^;H), and 
Hi{dXW"P) ; R) as in section 1.1. Denote their base by {en, e 12 , e 13 , e 14 }, {e 2 i, e 22 , e 23 , e 24 }, {e 3 i, e 32 , e 33 , e 34 } 
respectively. 

Since Z = dX v H <9X^ H dX^fT\ we think of e y as an element of H X {Z\ R). 
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Denote m{ip) = [a\ : b\], m{ip) = [a 2 : 6 2 ], and m((ipip) x ) = [a 3 : 6 3 ] respectively, then 



y = ff 1 (Z,R)=00Re !3 , 

i=i i=i 

A = Ren © Re 2i © Re 3 i © Rei 2 © Re 22 © Re 32 , 
B = R(en - e 2 i) © R(en - e 3 i) © R(ei 2 - e 22 ) © R(e i2 - e 32 ) 
© R(ei 3 + e 23 + e 33 ) © R(ei 4 + e 24 + e 34 ), 



R(e,i + e i2 ) © R(e j3 - e i4 + TOjeji) if a* 7^ 



Reji © Re i2 



if di = 0. 



Here we denote m; := 



Hence, 



B C)A = R(en - e 2i ) © R(e 42 - e 22 ) © R(en - e 3 i) © R(e 42 - e 32 ), 
R(en - e 21 + ei2 - e 22 ) 

©R(en - e 3 i + ei2 - e 32 ) if a* ^ fori = 1,2, 3 

© R(ei 3 + e 23 + e 33 - e 44 - e 24 - e 34 + mien + m 2 e 2i + m 3 e 3 i) and mi + m 2 + m 3 = 0, 



R(en - e 2i + e 12 - e 22 ) 
©R(en - e 31 + ei2 - e 32 ) 

B n C = { R(en - e 2i + e i2 - e 22 ) 

© R(eu - e 3 i + ei 2 - e 32 ) 

R(en - e 2 i) © R(ei2 - e 22 ) 
©R(e n - e 31 + e 12 - e 32 ) 

R(en - e 2i ) © R(ei2 - e 22 ) 
L ©R(eii-e 3 i)ffiR(ei 2 -e 32 ) 

R(en - e 2i ) © R(ei2 - e 22 ) 
©R(e 1 i-e 31 )ffiR(e 12 -e 32 ) 
B n (C + A) = < ffi R(ei3 + e 23 + e 33 - e M - e 24 - e 34 ) 

R(en - e 2 i) © R(ei2 - e 22 ) 
k ©R(eii-e 3 i)ffiR(ei 2 -e 32 ), 

By computing the signature of we have 

Sign(mi + m 2 + m 3 ) if at ^ for i = 1,2, 3, 

otherwise. 



ifa.^0 fori = 1,2, 3 
and mi + m 2 + m 3 ^ 0, 

if a\ = 0, a 2 ^ 0, a 3 ^ 0, 

if 01 = a 2 = 0, a 3 7^ 0, 

ifa 4 = fori = 1,2, 3, 

if a,i ^ for i = 1,2, 3, 
otherwise. 



Sign(V; BCA) = 



Hence. 



Sign(V; BCA) = Sign(m(y) + m(^) + m((ip<p) x )) 
= Sign(m(y>) + m(tp) + m^ipip)^ 1 )) . 
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By Non-additivity formula, we have 

Sign(£ s ) = Sign(£ D ) + Sign(£ g , 2 ) - Sign(y ; BCA). 

Since Ed is a trivial bundle (D 2 II D 2 ) x P, we have Sign (So) = 0. 

This completes the proof of the proposition. □ 

By the theorem and Proposition 2.6, we can calculate the difference of signature Sign(P g ) — Sign(P Si2 ). 
Corollary 2.7. For g>0, 

Sign(P s+1 ) - Sign(£ 9i2 ) = Sign(m(o)) + Sign(ro(6)) + Sign(m((a6)- 1 )) 

- Sign(m(a) + m(b) + m((a&) _1 )). 
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